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Wide-Band Equal-Ripple Filters in
Nonuniform Transmission Lines
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Abstract—In this paper, a novel method to realize equal-ripple
filters over microwave frequencies is presented. All networks are
implemented by using cascade serial and shunt transmission-line
sections having the same electrical length. The transfer functions of
such networks are formulated in the domain. In particular, it can
be shown that some shunt components are able to contribute zeros
locating on the unit circle if the components are open circuited. Due
to the feature of transfer-function zeros locating on the unit circle,
we may use an optimization procedure to implement equal-ripple
filters. Both low-pass and bandpass filters are realized in the form
of microstrip lines and their frequency responses are measured to
validate this novel method.

Index Terms—Equal-ripple, microwave filter, nonuniform
transmission line, wide-band, domain.

I. INTRODUCTION

M ICROWAVE filters [1] with their various responses
can be manufactured in different forms; examples are

low-pass filters with nonuniform transmission lines (NTLs) [2]
and bandpass or band-stop filters with coupled lines [3].

Conventional methods to design and implement microwave
filters begin with lumped-element prototypes. Lumped-el-
ement circuits, with the aid of Richard’s transformation
[4] and Kuroda’s [5] identities, are then transformed to the
corresponding distributed-element circuits. Recently, a novel
procedure [6] was presented to design and implement mi-
crowave filters. It was shown that the transfer function of a
network can be formulated in the discrete (or the) domain
if the network is manufactured by using cascade serialsingle
transmission-line sections of the same electrical length.

In this paper, by using the modified transfer functions,
discrete filter prototypes, discrete signal-processing techniques
[7]–[8], and optimization algorithms, we present a scheme
to implement equal-ripple low-pass and bandpass filters over
microwave frequencies. We consider networks in which the
components are composed of single ormultiple transmis-
sion-line sections of the same electrical length. It can be
shown that the chain scattering matrix of each component
can be formulated in the discrete domain. As a result, we
are able to discuss the chain scattering matrix of the overall
network in the domain. In particular, we obtain a distinctive
property of those shunt components composed of two cas-
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Fig. 1. Two-port network.

caded transmission-line sections. The transfer function of the
network yields conjugate-pair zeros locating on the unit circle
if the shunt components are open-circuited. Since two kinds
of discrete equal-ripple filters are featured by their transfer
functions possessing zeros locating on the unit circle, such a
distinctive property of the shunt components is then employed
to implement equal-ripple low-pass and bandpass filters over
microwave frequencies.

Compared with conventional design/implementation
methods, the proposed scheme is featured by that it considers
the characteristic of equal-delay time of each transmission-line
section. As a result, in the domain, the scheme finds an
exactrepresentation for the transfer functions of the networks
composed of equal-electrical length transmission-line sections.
Since the applied prototypes are also described by functions
in the domain, we could conclude the characteristics of the
prototypes match the nature of the networks used to implement
filters. Therefore, prior to the real implementation, a good
understanding of the properties of the networks over the
frequency bands is obtained. Another distinctive feature of
the proposed scheme is that effective components are used to
implement zeros locating on the unit circle designated by the
transfer functions of the applied prototypes.

To examine the validity of our method, one elliptic low-pass
filter and one Chebyshev type-II bandpass filter are manufac-
tured in the form of microstrip lines. The frequency responses
of these two filters are measured and elaborated in details in this
paper.

II. TRANSFERFUNCTIONS IN THEDISCRETEDOMAIN

For the block diagram shown in Fig. 1, the chain scattering
parameters , of a two-port network are defined
by two dependent waves and at port 1 and two inde-
pendent waves and at port 2. These waves are interre-
lated through the chain scattering parameters as follows:

(1)
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Fig. 2. Open-circuited shunt component composed of two cascaded equal
electrical-length transmission-line sections.

Assume that each network consists of serial and shunt com-
ponents composed of transmission-line sections having length

, where is the wavelength at the normalizing an-
gular frequency . In other words, the electrical length of all
transmission-line sections is 90at the frequency . To convert
the frequency-domain behavior into time-domain response, we
set , where denotes the propagation constant.
It is equivalent to saying that we replace everydoublepropa-
gation delay of each transmission-line section by a delay oper-
ator. This replacement eventually initiates the elaboration of the
design and implementation of microwave filters in the discrete
domain.

Fig. 2 shows an open-circuited two-section shunt component.
This component is able to contribute zeros locating on the unit
circle to the transfer function of the network. The characteristic
impedances of the two single-line sections areand . The
reflection coefficient at the junction of two finite lines is

(2)

Using the delay operator as the argument, the chain scat-
tering parameters of this shunt component can be expressed as
follows:

(3)

where , , and
is the reference characteristic impedance. The roots of are

and . Since ,
both roots and are located on the unit circle and they form
a conjugate pair.

Two other components are also used to constitute the net-
works, namely, the short-circuited stub and the serial compo-
nent having one transmission-line section. The chain scattering

Fig. 3. Short-circuited stub with characteristic impedanceZ .

Fig. 4. Serial transmission-line section with characteristic impedanceZ .

parameters associated with the short-circuited stub, as shown in
Fig. 3, can be expressed in as follows:

(4)

where and is the characteristic impedance of
the stub.

On the other hand, the chain scattering parameters of a serial
transmission-line section with characteristic impedance, as
illustrated in Fig. 4, can be expressed as follows:

(5)

where .
By cascading serial and shunt components orderly to form a

network, the overall chain scattering matrix of the network can
be found by the sequential multiplication of the chain scattering
matrix of each component, i.e.,

(6)

where is the number of the components used and,
, , and are the matrix elements representing theth

component.
Assume that the network consists of open-circuited

two-section shunt components,short-circuited stubs, and
serial transmission-line sections. The chain scattering param-
eter of such a network is shown in (7) at the bottom of
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this page, where all ’s are real numbers and are determined
by the characteristic impedances of the transmission-line
sections composing both serial and shunt components. Note
that the polynomial ( ) comes from the th
open-circuited two-section component ( ) comes from
each short-circuited stub and arises from the

th serial transmission line.
If the output port of the network is in a matched termination,

the transfer function of the network, denoted as , can be
obtained with the inverse of , i.e.,

(8)

where ,
are functions of characteristic impedances of transmission lines
in either serial or shunt configurations. A close examination on
(8) reveals that has conjugate-pair zeros on the unit circle,
which are caused by open-circuited two-section shunt compo-
nents and zeros at , which are due to short-circuited stubs.
After these zeros are removed from , the remaining part
of the transfer function is recognized as an autoregression (AR)
process multiplied by the term representing delay factor
of the serial components. Denoted as , the AR process
is found to be

(9)

Since the AR process is solely characterized by the coefficients
and these coefficients can be determined by characteristic

impedances of transmission lines, we could make ap-
proximate a proposed AR process by adjusting the values of the
impedances.

III. REALIZATION OF FILTERS

In this section, we present the procedure to realize both
low-pass equal-ripple filters and bandpass equal-ripple filters.
The procedure is briefly described as follows.

1) Propose a digital filter prototype , which satisfies the
required specifications. Besides, refer to the zero loca-
tions of , and then determine the configuration of the
network that attempts to synthesize the filter.

2) Find by (8), where the numerator of could be
determined explicitly according to the configuration of
the network. Divide both and by the numer-
ator of that generates zeros on the unit circle. The
function derived from is denoted as .

3) Find an equivalent AR process of , denoted as
and cast it in the following form:

(10)

where, as stated in the previous section,, , and
are numbers of three kinds of components employed to
synthesize the filter.

4) Adjust the values of characteristic impedances of all
transmission lines with optimization algorithms so that

in (9) and in (10) are as close as possible in the
least square error (LSE) sense.

Another important design criterion is that the open-circuited
two-section shunt components are obtained according to the real
parts of conjugate-pair zeros locating on the unit circle of the
proposed prototype . In other words, if the real part of one
pair of the conjugate zeros is, the in (2) associated with one
open-circuited two-section shunt component is set to be

. Thus, when the value of that composes this kind of
component is determined, the value of another impedance, i.e.,

, can be found from (2).

A. Implementation of Low-Pass Filters

To realize filters, the reference characteristic impedanceis
always set to be 50. Considering the realization of a low-pass
filter with its cutoff frequency equal to 1.2 GHz, we adopt a
prototype as follows:

(11)

where

and

(7)
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Fig. 5. Configuration of the elliptic low-pass filter.

This prototype describes an elliptic low-pass filter, of which the
ripple over the passband is 1 dB and the ripple over the stopband
is 40 dB. As the cutoff frequency of this prototype is equal to
0.3 , the normalizing angular frequency should be

rad/s so that the prototype meets the specification at
the cutoff frequency. Note that four roots of the numerator of

form two pairs of conjugate-pair zeros located on the unit
circle and the real parts of zeros are0.5267 and 0.1958.

The configuration of transmission-line circuit attempting
to synthesize the proposed low-pass filter is shown in Fig. 5.
There are two open-circuited two-section shunt components:
one, composed of and , is at port 1 and the other,
composed of and , is at port 2; between these
two shunt components, there is a six-section NTL. Since two
shunt components are designed according to real parts of
the conjugate-pair zeros of , the transfer function of the
network in (8), has the same zeros as those of . In
addition, we know that the order of the denominator of is
ten since, for this network, we have , , and .
Due to the cancellation of zeros of by those of , the
coefficients associated with the function in (10)
can be found directly by the denominator of , namely,

for and for .
Let the values of be the ideal values of the coefficients

in (9). We use optimization algorithms to adjust , ,
and the characteristic impedances of the transmission lines
composing the NTL such that the value of is
minimized. The optimal values for and are 80.3
and 103.2 , respectively. The values of and ,
which form the other part of two open-circuited two-section
shunt components, are and .
The values for the characteristic impedances of six transmis-
sion-line sections, from the left- to right-hand side, are 143.8,
11.6, 160, 14.8, 148.1, and 99.4. Both the magnitude re-
sponses of and are presented in Fig. 6. We could see
that there exists a good agreement between these two functions.

To validate the effectiveness of our method, the optimal
values obtained by optimization algorithms are used to manu-
factured the network in the form of microstrip lines. However,
due to the limitation caused by the available manufacturing
technique, the largest value of all characteristic impedances is
limited to be 160 . Therefore, the characteristic impedances
of the first shunt component should be modified to meet this
constrain; the values of is set to be 160.0 and, while
maintaining the value of the associatedunchanged, the new

Fig. 6. Magnitude responses of bothF (z) andT (z) for the low-pass filter
with its cutoff frequency equal to 1.2 GHz.

Fig. 7. Layout of the low-pass filter in the form of microstrip lines.

values of is 49.6 . The layout of the filter is presented
in Fig. 7, where the substrate used is Duroid, of which the
relative dielectric constant is 2.5 and the height is 0.787 (mm)
or 1.0 (mil). The left-hand side of the network is port 1 and
the right-hand side is port 2. On both sides, the reference
impedance lines (50 ) are placed and all finite transmission
lines have electrical length of 90at 4.0 GHz. As illustrated,
the total length of the filter is 78.85 (mm).

We use an HP 8510C network analyzer to measure both re-
flected and transferred parameters, i.e.,and . The magni-
tude responses of the two measured parameters are presented in
Fig. 8. In this figure, to facilitate the comparison between design
data and measurement results, magnitude response of the ideal

is also plotted. The ripple of measured over the pass-
band is less than 1.0 dB, as required by in (11); the ripple
of the measured over the stopband deviates from the ideal
value 40 dB because of the modification of and .
The zeros of measured occur at 1.72 and 2.67 GHz. These
values are very close to the zeros of , which are 1.75 and
2.7 GHz.

Besides, comparing the measured with the ideal , we
find that the insertion-loss rate of measured over the stop-
band is in good agreement with that of the ideal. However,
because of the effect of discontinuities of steps, T-junctions and
open-circuited ends of the components, the passband bandwidth
of measured (1.1 GHz) is smaller than that of the ideal
(1.2 GHz).

B. Realization of Bandpass Filters

A Chebyshev type-II bandpass filter is discussed in this sec-
tion. The ripple of the stopband is 40 dB. In addition, the band-
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Fig. 8. Measured reflected and transferred scattering coefficients at input and
output ports of the low-pass filter shown in Fig. 7.

width is set to be 80% and the central frequency is 4.0 GHz.
Therefore, the normalizing angular frequency is equal to

rad/s. The prototype satisfying the specifica-
tion is as follows:

(12)

where

and

There are five zeros in : one is at and the other
four form two pairs of conjugate-pair zeros locating on the unit
circle, of which the real parts are0.2630 and 0.2088.

The configuration of the network to synthesize the bandpass
filter is shown in Fig. 9. There are two open-circuited two-sec-
tion shunt components: one, composed of and , is
at port 1 and the other, composed of and , is at
port 2. Both of two shunt components are designed according
to the real parts of the conjugate-pair zeros of shown in
(12). Between two shunt components, the circuit can be divided
into two parts; one part comprises four transmission-line sec-
tions interlaced with four short-circuited stubs and the other is
a six-section NTL.

With associated with in (12) and as-
sociated with in (8), the optimization algorithms give the
optimal values of transmission-line characteristic impedances.
The impedance values for two open-circuited shunt components
are , , ,
and . In addition, from the left- to right-hand

Fig. 9. Configuration of the Chebyshev type-II bandpass filter.

Fig. 10. Magnitude responses of bothF (z) andT (z) for the bandpass filter
with central frequency at 4.0 GHz and bandwidth of 80%.

side in Fig. 9, the four serial transmission-line sections are 49.6,
74.0, 127.6, and 160.0; the four short-circuited stubs are 21.1,
36.7, 71.5, and 160.0; and the six characteristic impedances
of NTL are 108.4, 39.1, 21.1, 35.8, 72.7, and 64.3. Fig. 10
shows the numerical values of both and . The results
show that the response of is in good agreement with that
of .

The network is fabricated on the same Duroid substrate
mentioned in Section III-A. Again, the value of should
be modified to 160 so that its value could meet the constraint
caused the available manufacturing technique. As a result,

should be changed accordingly. The new value of
is 94.3 . The layout of the bandpass filter is shown in Fig. 11,
where the total length of the filter is 131.064 mm. Fig. 12 shows
the magnitude responses of measured scattering parameters

and of this filter. To facilitate the comparison between
design data and measurement results, the magnitude response
of the ideal is also presented in Fig. 12. The zeros of
measured occur at 1.68, 2.3, 5.63, and 6.18 GHz, being
very close to the zeros of , which are 1.78, 2.28, 5.73, and
6.23 GHz. Due to loss factors of the substrate and conductor,
the magnitude of measured over the passband is approxi-
mately 0.6 dB compared to the ideal value 0 dB. In addition,
because of the modification of and , the ripple of

over the stopband region deviates from the ideal values of
40 dB.



CHANG AND HSUE: WIDE-BAND EQUAL-RIPPLE FILTERS IN NTLs 1119

Fig. 11. Layout of the bandpass filter in the form of microstrip lines; note that
each single-section shunt stub is short-circuited by multiple via-holes along the
edge.

Fig. 12. Measured reflected and transferred scattering coefficients at input and
output ports of the bandpass filter shown in Fig. 11.

Besides, comparing the measured with the ideal , we
find that the insertion-loss rate of the measured is approx-
imately the same as that of the ideal over the stopbands.
However, because of the nonideal discontinuities of steps, junc-
tions, and ends of the components, the central frequency of the
measured moves to 4.1 GHz. The effects of the discontinu-
ities could also account for the less attenuation of the measured

than that of the ideal over the higher stopband.

IV. CONCLUSION

An effective approach to realize equal-ripple low-pass and
bandpass filters over microwave frequencies has been presented
in this paper. Since the mathematical formulation of filters is ex-
pressed in terms of discrete-time signal processing, this scheme
is suitable for computer-aided design (CAD) engineering appli-
cations. The theoretical values are verified with practical imple-
mentations where circuits are realized with microstrip transmis-
sion lines. The experimental results are in good agreement with
theoretical values, which illustrates the validity of the proposed
approach and circuit configuration.

Finally, we make a remark about the optimization method.
When characteristic impedances obtained are larger than the
limit of the available manufacturing technique, one may use
more components to implement the networks. For example,

when the optimization method could not find a suitable solution
to the impedances of a network with a certain configuration, one
could use more serial transmission-line sections to implement
the networks to increase the opportunity of finding a suitable
solution or one could use two open-circuited two-section
components to implement one zero locating on the unit circle.
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